Two nonstandard variational approximations are developed for a problem in electrostatics. The results are compared with a numerical solution based on the relaxation method. Suggestions for further study are made.
I. INTRODUCTION
I offer in this paper two variational solutions to a problem in electrostatics. It is hardly necessary to sing the praises of variational methods, and instructors who enjoy this paper sufficiently to try and pass it on to their students can leaven their presentations with tales of legendary feats such as the Laughlin's solution to the fractional quantum Hall effect 1 and Feynman's solution to the polaron problem, by way of motivation. 2 Students are most likely to have seen the variational method in a course in quantum mechanics in a context where the trial function has a finite number of parameters that are determined by ordinary calculus. 3 One of the beauties of the variational method is that there is almost no limit on the form of the trial functions. In many situations, the problem can be formulated so that a restricted problem in the calculus of variations is obtained in which a complete functional form remains to be determined. Both solutions presented here are of this type. In the first, the final variational problem is of the standard Euler-Lagrange type encountered in mechanics, but in the second it is not.
I pose the problem in Sec. II, give the two variational solutions in Secs. III and IV, discuss these solutions in Sec. V, and give suggestions for further study in Sec. VI.
II. THE PROBLEM
The problem is taken from Purcell's and Jackson's classic texts. 4, 5 A waveguide consists of two concentric and parallel conducting pipes of square cross section. The inner conductor has side 2a, and the outer one has side 2b ͑see Fig. 1͒ . The problem is to find the capacitance of the waveguide per unit length, C.
6 Both Purcell and Jackson pose this problem as an exercise in the numerical solution of Laplace's equation. For b =2a, Jackson gives the answer ͑in Gaussian units͒ as 7 C = 0.8141 cm/cm. ͑1͒
We will see how close we can come with a variational solution.
The formal solution to the problem is as follows. Let ͑r͒ be the solution to Laplace's equation
subject to the boundary conditions = ͭ 1 on inner conductor, 0 on outer conductor. ͑3͒
Then,
Physically, is the electrostatic potential when the inner and outer conductors are maintained at unit and zero potential, respectively, and C is twice the energy in the electrostatic field.
The variational theorem for this problem is as follows. 5 It states that for any continuous and piecewise smooth function ͑r͒ satisfying the same boundary conditions ͑3͒ as the true potential ,
III. THE FIRST SOLUTION
We take a trial solution in which the equipotentials are straight lines parallel to the sides in the side regions, and circular arcs in the corner regions ͑see lower right portion of Fig. 1͒ . By symmetry,
where w s is the contribution to the integral of ٌ͑͒ 2 from one rectangular side region, say a ഛ x ഛ b, −a ഛ y ഛ a, and w c is the contribution from one square region in the corner, say a ഛ x ഛ b , a ഛ y ഛ b. In the side region selected, the fact that the equipotentials are parallel to the y axis means that depends only on x. If we define ͑r͒ = f͑x − a͒ in this region, then
where we have defined the spacing
To handle the corner contribution, we employ polar coordinates centered at x = a, y = a. Because the equipotentials are circular arcs, we must choose = f͑r͒ for r ഛ s, with the same function f as before. Further, because f must obey the boundary conditions
we take = 0 for r Ͼ s in the corner region. Hence,
The function f must be chosen to minimize W subject to the boundary conditions ͑9͒. The method of minimization is standard. If we think of f as the position of a particle and x as the time, W can be thought of as an action, and the integrand for W as the Lagrangian. The Euler-Lagrange equation is
͑12͒
and its solution is
where c and d are constants determined by the boundary conditions. If we feed the result for f back into the integral for W, we obtain the following upper bound for the capacitance:
.
͑14͒
For b / a = 2, Eq. ͑14͒ gives C = 0.8626, which is off by 6% from the exact value, 0.8141.
IV. THE SECOND SOLUTION
Our second trial potential is as follows. Let u and v be the Cartesian distances measured from one of the outer corners ͑edges in three dimensions͒, for example, the one at x = y =−b. In the square corner region, we choose
Because we must have =0 at u = v = 0 and =1 at u = v = s, the function h must satisfy
In the rectangular region on the side, we choose
Equations ͑15͒-͑17͒ ensure that is continuous. We define w s and w c as for the previous trial solution. We now have
The two terms in w c are equal. Hence, with hЈ denoting the derivative of h, we have
The problem of minimizing W is not of the standard type encountered in mechanics. To solve it, we define
We now vary h to h + , where
on account of the boundary conditions ͑16͒. The corresponding variations in K 1 and K 2 are
where the second form in Eq. ͑25͒ follows by integrating by parts, the boundary terms having vanished due to Eq. ͑23͒. It now follows that
For ␦W to vanish, the coefficient of ͑u͒ must vanish. In other words, we must have
where we have defined
The solution that obeys the required boundary conditions is h͑u͒ = A sinh͑u͒, ͑29͒
with It remains to evaluate . To do so, we insert the solution ͑29͒ into the definitions of K 1 and K 2 , which yields
ͬ . 
͑33͒
For b / a = 2, Eq. ͑33͒ yields C = 0.8387 which is off by only 3%.
V. DISCUSSION
We now discuss the key features of the true and variational solutions for the potential, and where and why the latter are good or poor approximations.
First, the problem is not amenable to solution by separation of variables and expansion in basis sets. Second, we do not know if it can be solved by conformal mapping, but even if a mapping to a simpler geometry can be found, it need not be easily integrable. 9 Thus, the only systematic approach seems to be numerical. We have solved it for b =2a using the simple relaxation method discussed in Jackson, 5 and our plots are based on this solution.
The most interesting features of the waveguide are its inner and outer corners ͑or edges in three dimensions͒ with opening angles of 3 / 2 and / 2. We denote the distance from the corner by r, and the angle from one of the bounding sides by . The analytic behavior of the potential and field are known in a wedge shaped region of any opening angle. 8 Near the outer corner we have
where k is a constant, and u and v are cartesian coordinates as in Sec. IV. Thus, the electric field is given by
and the surface charge on one of the walls is given by
Similarly, near the outer corner,
where kЈ is another constant. Thus,
which is divergent at the corner. The surface charge density along the waveguide wall is similarly divergent,
The first variational solution, 1 , misses the outer corner behavior completely. It sets 1 = 0 in an entire dead space near the corner. By contrast, the second solution, 2 , gets it exactly right as 2 = h͑u͒h͑v͒Ϸ͑a 2 / s͒uv. The constant k in Eq. ͑34͒ is difficult to determine exactly, as it depends on the behavior of far from the corner. Our variational solution finds this constant approximately. Neither 1 nor 2 capture the singular behavior at the inner corner. Instead, both are linear. These points are illustrated in Figs. 2 and 3 , where we show the true and variational potentials along various cross sections of the waveguide.
Although the variational method seeks the solution in terms of the potential, the capacitance involves the total elec- Fig. 2 . Comparison of numerical and variational potentials along the sections AB and CD ͑see inset͒, with x the distance from points A or C. The numerical solutions ͑marked AB and CD͒ are different along the two sections, but the variational solutions ͑marked 1 for the first and 2 for the second͒ are the same because equipotentials for these functions are parallel to the sides of the waveguide in the side region. The numerical curve for the section CD shows x 2/3 behavior near the corner C. The variational solutions are analytic and do not have this singularity. Fig. 3 . Same as Fig. 2 for the section CE, with x the distance from the corner C. The numerical solution ͑marked CE͒ again shows x 2/3 behavior near C and the variational curves do not. Near the corner E, the variational solution 1 is zero for x Ͼ a, corresponding to the dead space in Fig. 1 . The solution 2 possesses the correct quadratic behavior and matches the true solution closely. trostatic energy, or the integral of E 2 , so it is useful to compare the true and variational electric field also. We expect the region near the inside corners where ͉E͉ diverges to make an important contribution to the capacitance. However, neither of our solutions gets this behavior right. Further, we must expect gross and qualitative errors in the electric field in any variational solution. Because ٌ 2 0 in the charge free region, −ٌ will generally not be divergence-free or curl-free there. The field may even be discontinuous, as it is for our second solution on the section CD.
Why, despite these shortcomings, do our variational solutions work so well? This reason is the same as that in quantum mechanics, where the energy is much better approximated than the wave function. Let us write the variational potential as
where is the true solution, and we have put a scale factor ⑀ in front of the error to indicate the magnitude of the error. ͑We could normalize via the integral of 2 or ٌ͑͒ 2 to make this notion more quantitative.͒ Because and obey the same boundary conditions on any conducting surfaces, vanishes on these surfaces, and
The term of O͑⑀͒ vanishes after an integration by parts due to the boundary conditions on . Thus the error in C is of order ⑀ 2 , which is much smaller than the error in itself. The mismatches in the electric fields are revealed by examining the surface charge densities, and it is interesting to see the true behavior near the corners anyway. We show the charge densities in Fig. 4 with this in mind.
VI. SUGGESTIONS FOR STUDY
The electrostatic problem we have considered has many interesting aspects that can form the basis of problems for graduate students or a summer project for a mathematically talented undergraduate. There is, of course, the variational method as discussed in this article, and students should be encouraged to think of their own trial functions. Eventually, however, it is important to realize that despite the deceptively simple geometry, the problem cannot be solved analytically, and it is necessary to use a numerical technique. Here, there are many questions that might be pursued. For example, in addition to the potential, we could ask for the surface charge densities. This study could then lead to a quantitative study of electrostatic fields near sharp edges and points and a comparison between numerical and analytic results. Integrating the surface charge densities gives the total charges on the two conductors, and opens a new set of questions. Are the two conductors equally and oppositely charged? If not, why? On which conductor is the total charge numerically more difficult to find? Is the capacitance obtained by dividing the charge by the voltage difference the same as that found by integrating E 2 ? A large number of numerical techniques and concepts would be learned in the process, not to mention programming skills.
The problem can also be studied for other values of b / a. Such a study would naturally lead to investigations of the relative merits of the solutions 1 and 2 , and whether 2 always leads to a better bound on C than 1 .
There is no need to limit the exercise to the relaxation method of solving Laplace's equation. Motivated students can learn more expert methods such as finite elements or alternating direction implicit methods. The excellent text by Press et al. 10 is a useful starting point. 
